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Waiting and risk
Return periods from data



Waiting time for the next exceedance, by hand

𝜏 is the number of years until the “coin” next comes up “heads”. By the 
geometric distribution:

𝑝𝜏(𝑘) = (1 − 𝑝)𝑘−1𝑝, 𝐸[𝜏] = 1
𝑝 = 𝑇

3



Waiting time for the next exceedance, by simulation

𝑝 = 0.01
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How variable is that wait?

Var(𝜏) =
1 − 𝑝

𝑝2 , sd(𝜏) =
√1 − 𝑝

𝑝 ≈ 𝑇  for small 𝑝

The spread is as large as the mean wait, so the mass near 1 and the long 
tail are the same picture.
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How likely are two exceedances in ten years, at 𝑝 = 1/4?

Ten flips of the bent coin, so 𝑁 = 10, with 𝑌  the number of heads.

𝑝𝑌 (𝑦) = (
𝑁
𝑦

)𝑝𝑦(1 − 𝑝)𝑁−𝑦

1 Y = Binomial(10, 0.25)
2 p_two_or_more = 1 - pdf(Y, 0) - pdf(Y, 1)
3 @printf("P(Y >= 2) = %.3g", p_two_or_more)

P(Y >= 2) = 0.756

A “4-year flood” turns up at least twice per decade more often than not.
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Rarer events: 𝑝 = 1/10
Same ten flips, same count 𝑌 , a coin bent one tenth of the way instead of 
one quarter.

1 Y = Binomial(10, 0.1)
2 p_two_or_more = 1 - pdf(Y, 0) - pdf(Y, 1)
3 @printf("P(Y >= 2) = %.3g", p_two_or_more)

P(Y >= 2) = 0.264

We get two “ten-year floods” in a decade a quarter of the time.
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What risk does a design life carry?

𝑅 = 1 − (1 − 𝑝)𝑁 , 𝑇 = 1
1 − (1 − 𝑅)1/𝑁

1 risk(T, N) = 1 - (1 - 1 / T)^N
2 T_needed(R, N) = 1 / (1 - (1 - R)^(1 / N))
3
4 @printf("100-year flood, 50-year life: R = %.3g\n", risk(100, 50))
5 @printf("10%% risk over a 5-year job needs T = %.3g years", T_needed(0.10, 5))

100-year flood, 50-year life: R = 0.395
10% risk over a 5-year job needs T = 48 years

8



Waiting and risk
Return periods from data



A histogram hides the tail

Histograms make it hard to compare and visualize tails.
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What does a return period plot show?

Which axis is data, and 
which is an estimate?
• Level: a number a gauge 

recorded.

• Return period: computed 
from the rank of that 
level in a finite record.
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How is the return period estimated?

Sort descending, so rank 𝑖 = 1 is the largest, and a hat marks a quantity 
computed from the record rather than known.

𝑝𝑖̂ = 𝑖
𝑛 + 1, 𝑇𝑖̂ = 1

𝑝𝑖̂

Over 𝑛 years an event with annual probability 𝑝 is exceeded about 𝑛𝑝 
times, so a value exceeded 𝑖 times out of 𝑛 estimates 𝑝̂ ≈ 𝑖/𝑛. Dividing by 
𝑛 + 1 instead gives the Weibull plotting position.
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